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$C$ $E$ . $\{T(t) : t\geq 0\}$ , $C$
$\{k(t) : t\geq 0\}$ (one-parameter
asymptotically nonexpansive semigroup) ;
(i) $||T(t)x-T(t)y||\leq k(t)||x-y||,$ $\forall x,$ $y\in C$ ;
(ii) $T(t+s)x=T(t)T(s)x\forall t,$ $s\geq 0,$ $\forall x\in C$ ;
(iii) $T(0)x=x,$ $\forall x\in C$ ;
(iv) $\forall x\in C,$ $t\mapsto T(t)x$ ;
(v) $t\mapsto k(t):[\mathit{0}, \infty)arrow[0, \infty)$
$(\mathrm{V}1)\circ$ $k(t)\geq 1,$ $\forall t\geq 0$ , $\lim\sup_{tarrow\infty}k(t)=1$ .
$\{T(t) : t\geq 0\}$ , $k(t)=1,$ $\forall t\geq 0$ , $\{T(t) : t\geq 0\}$ $C$
(one-parameter nonexpansive semigroup) .
2004 - [4] :
$C$ $E$ $c1$. , $\{T(t) : t\geq 0\}$ $C$
one-parameter nonexpansive semigroup . $x_{1}\in C$ , $\{x_{n}\}\in C$
:
$x_{n+1}= \frac{\alpha_{n}}{t_{n}}l^{t_{n}}T(s)x_{n}ds+(1-\alpha_{n})x_{n},$ $\forall n\in \mathrm{N}$ .
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, $\{x_{n}\}$ $\{T(t) : t\geq 0\}$ $z_{0}$ .
, $\mathcal{X}-\mathfrak{F}$ $\#_{\backslash }$ [4] , $-\backslash \Re$,
one-parameter asymptotically nonexpansive semigroup
2 . ,
one-parameter asymptotically nonexpansive semigroup
,




$\mathbb{R}^{+}$ , . $C(\mathbb{R}^{+})$ $\mathbb{R}^{+}$
. , $C(\mathbb{R}^{+})$ t
supremum . $E$ , $E^{*}$ .
, $E$ $J$ :
$J(x)=\{x^{*}\in E^{*} : \langle x, x^{*}\rangle=||x||^{2}=||x^{*}||^{2}\},$ $\forall x\in E$ .
Hahn-Banach , $J(x)$ [6]. [3]
$\ovalbox{\tt\small REJECT}$)’i\not\subset [4] . $\ovalbox{\tt\small REJECT} \mathfrak{F}\mathfrak{F}$
.
1 ([3, Lemma 2]). $\{z_{n}\}$ {w $E$ , $\{\alpha_{n}\}$
$(0, 1)$ $0< \lim\inf_{n}\alpha_{n}\leq\lim\sup_{n}\alpha_{n}<1$ . $z_{n}=$
$\alpha_{n}w_{n}+(1-\alpha_{n})z_{n},$ $\forall n\in \mathrm{N}$
Jim $\sup(||w_{n}-w_{n+k}||-||z_{n}-z_{n+k}.||)\leq 0,$ $\forall k\in \mathrm{N}$
$narrow\infty$
. $\lim\inf_{narrow\infty}||w_{n}-z_{n}||=0$ .
2 ([4, Lemma 2]). $A$ $B$ $[0, \infty)$ , $\{t_{n}\}$ $(0, \infty)$
$\lim_{narrow\infty}t_{n}=\infty$ ,
$\lim_{narrow\infty}\frac{\mu(\lceil 0,t_{n})\cap \mathrm{A})}{t_{n}}=1,\lim_{narrow\infty}\frac{\mu([0,t_{n})\cap B)}{t_{n}}=1$
55
( , $\mu$ ).
$\lim_{narrow\infty}\frac{\mu([0,t_{n})\cap A\cap B)}{t_{n}}=1$
, $t>0$ $[t, \infty)\cap A\cap B\neq\emptyset$ ,
1 ,
, $C$ $E$ , $\{T(t):t\geq 0\}$ $C$
one-parameter asymptotically nonexpansive semigroup . $z\in C$ ,
$l= \lim\sup_{tarrow\infty}||T(t)z-z||,$ $\mathrm{A}=$ $t>0$
$C(t)$ . $C(t)$ $\{T(s)z ; s\geq t\}$
. $l>0$ . $u\in C,$ $\epsilon>0$ , $0\leq p<q\leq\infty$ $p,$ $q$
$B(u,p, q, \epsilon)=\{t\in[p, q) : ||T(t)z-u||\geq l-\epsilon\}$
3([4, Lemma 3]). $U$ $A$ .
$B(z, t, \infty, \epsilon)\cap(_{u\in U}\cap B(u, t, \infty, \epsilon))\neq\emptyset,$ $\forall t\in(0, l)$
. , $v\in A$ , $||v-z||=l$ $\rangle$
$u\in U$ $||v-u||\geq l$ ,
3 Main Results
, one-parameter asymptotically nonexpansive
sem igroup 2 , Mann
.
1. $C$ $E$ $\{T(t) : t\geq 0\}$ $C$
one-parameter asymptotically nonexpansive semigroup . $z\in C$
$\lim \mathrm{i}\mathrm{n}\mathrm{f}tarrow\infty||\frac{1}{t}\oint_{0}^{t}T(s)zds-z||=0$





. l—0 . $\ovalbox{\tt\small REJECT}’\backslash$ , $l=0$ $\lim_{sarrow \mathrm{m}}T(s)z=z$
. $t\geq 0$
$T(t)z=T(t) \lim_{sarrow\infty}T(s)z=sarrow\circ\ovalbox{\tt\small REJECT}$ $T(t+s)z=z$ .
$l>0$ . $l$ , \sim im \sim tn $=\infty$ $\lim_{narrow\infty}||T(t_{n})z-z||=l$
$\{t_{n}\}$ . $\{T(t_{n})z\}\subset C$ , $C$
, $\{t_{n_{i}}\}\subseteq\{t_{n}\}$ , $\{T(t_{n_{i}})z\}$ $u_{1}\in C$ .
$u_{1}\in A$ , $||u_{1}-z||=l$ . $\{t_{n}\}$
$\lim_{narrow\infty}t_{n}=\infty$ $.\text{ }$ , $\{M(t_{n_{7}}z)\}$ $z$ . $||u-z||=t$
$u\in A$ $\epsilon\in(0, l)$ ,
$\lim_{narrow\infty}\frac{\mu(B(u,\mathrm{O},t_{n},\epsilon))}{t_{n}}=1$
.
$\lim\sup_{tarrow\infty}||T(t)z-z||=t$ , $\lim\sup_{tarrow\infty}k(t)\leq 1$ ,
$\delta>0$ , $s_{0}\in[\mathit{0}, \infty)$ , $t\geq s0$ $||T(t)z-z||\leq$
l+\mbox{\boldmath $\delta$} $k(t)\leq 1+\delta$ . , $u\in A$ , $||T(s_{1})z-u||\leq\delta$















$\leq\frac{1}{t_{n}}\mu(B(u, 2s_{1}, t_{n},\epsilon))(l+(2+l+\delta)\delta)+\frac{1}{t_{n}}\mu([2s_{1}, t_{n})\backslash B(u, 2s_{1}, t_{n}, \epsilon))(l-\epsilon)$
$\leq\frac{1}{t_{n}}\mu(B(u, 0, t_{n}, \epsilon))(l+(2+l+\delta)\delta)+\frac{1}{t_{n}}\mu([0, t_{n})\backslash B(u, 0, t_{n},\epsilon))(l-\epsilon)$
$= \frac{1}{t_{n}}\mu(B(u, 0, t_{n}, \epsilon))(l+(2+l+\delta)\delta)+\frac{1}{t_{n}}(t_{n}-\mu(B(u, 0, t_{n}, \epsilon)))(l-\epsilon)$
$=l- \epsilon+\frac{1}{t_{n}}\mu(B(u, 0, t_{n}, \epsilon))(\epsilon+(2+l+\delta)\delta)$
( $\mu$ )
$l \leq||z-M(t_{n}, z)||+\frac{2s_{1}}{t_{n}}D+l-\epsilon+\frac{1}{t_{n}}\mu(B(u, 0, t_{n}, \epsilon))(\epsilon+(2+l+\delta)\delta)$ .
$\lim\dot{\mathrm{x}}\mathrm{n}\mathrm{f}narrow\infty$
$\frac{\mu(B(u,0,t_{n},\epsilon))}{t_{n}}\geq\lim_{narrow\infty}\frac{-||z-M(t_{n},z)||-\frac{2s_{1}}{t_{n}}D+\epsilon}{\epsilon+(2+l+\delta)\delta}=\frac{\epsilon}{\epsilon+(2+l+\delta)\delta}$ .
$\geq 1$ . $\ovalbox{\tt\small REJECT},.,$ $\frac{\mu(B(u,0,t_{n},\epsilon))}{t_{n}}\leq 1$
$\lim_{narrow\varpi}\frac{\mu(B(z,0,t_{n},\epsilon))}{t_{n}}=1,$ $\forall\epsilon\in(0, f)$
. $\epsilon\in(0, l)$ , $s_{2}\geq 0$ $||T(s_{2})z-u_{1}||\leq\epsilon/4$





$\mu(B(z, 0, t_{n}, \epsilon))\geq\mu(\{t-s_{2} : t\in B(u_{1}, s_{2}, t_{n}, \epsilon/4)\})$
$=\mu(B(u_{1}, s_{2}, t_{n}, \epsilon/4))$
$=\mu(B(u_{1},0, t_{n}, \epsilon/4)\backslash [0, s_{2}))$





$u_{m}\in A,$ $||u_{m}-z||=l$ , $\mathrm{i}\neq j$
$||u_{i}-u_{j}||\geq l$ $\{u_{m}\}$ . $||u_{1}-z||=l$
. $u_{\mathrm{I}},$ $\ldots$ , u , $u_{m+1}$
: $\lim_{narrow\infty}\mu(B(z, 0, t_{7b}, \epsilon))/t_{n}=1(\forall i\in\{1, \ldots, m\})$
$\epsilon\in(0, l)$ , Lemma 2
$\lim_{narrow\infty}\frac{\mu(B(z,0,t_{n},\epsilon)\cap\bigcap_{i=1}^{m}B(u_{\mathrm{i}},0,t_{n},\epsilon))}{t_{n}}=1$
$B(z, t, \infty, \epsilon)\cap(_{i=1}^{m}\cap B(u_{i}, t, \infty, \epsilon))\neq\emptyset\forall t\geq 0$ .
Lemma 3 , $u_{m+1}$ . $\{u_{m}\}\subseteq$ $C$
$C$ , $\{u_{n}\}$ ,
. $l=0$ .
Theorem 1 , .
2. $C$ $E$ , $\{T(b) : t\geq 0\}$
$C$ one-parameter asymptotically nonexpansive semigroup .
$\{T(t) : t\geq 0\}$ .
. $f\in C(\mathbb{R}^{+})$ , $\mu_{n}(f)=\frac{1}{t_{n}}f_{0}^{t_{n}}f(s)ds$ . $\{t_{n}\}\subset \mathbb{R}^{+}$
$\lim_{narrow\infty}t_{n}=\infty$ . $\{\mu_{n}\}$ , $C(\mathbb{R}^{+})$ asymptotically invariant mean





$\mu_{n}(1)=1$ , $||\mu_{n}||=\mu_{n}(1)=1$ . $\mu_{n}$ mean





, $\lim_{narrow\infty}|\mu_{n}(f)-\mu_{n}(rhf)|=0$ . $\{\mu_{n}\}$ asymptotically
invariant . $\mu$ $\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k}^{*}\mathrm{t}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{y}$ $\{\mu_{n}\}$ .
$\{\mu_{n}\}$ $\{\mu_{n_{\alpha}}\}$ , $\{\mu_{n_{\alpha}}\}$ $\mu$ weak* topology
, $\mu$ invariant mean [6]. , $x\in C$ y*\in E*(
$\lim_{\alpha}\mu_{n_{\alpha}}\langle T(\cdot)x, y^{*}\rangle=\mu\langle T(\cdot)x_{7}y^{*}\rangle$ .
Bochner , $\mu_{n_{\alpha}}\langle T(\cdot)x, y^{*}\rangle=\langle\frac{1}{t_{n_{O}}}f_{0}^{t_{\tau_{\alpha}}}’ T(s)xds, y^{*}\rangle$ . mean $’||\not\subset\ovalbox{\tt\small REJECT}$ ,
$\mu\langle T(\cdot)x, y^{*}\rangle=\langle x_{0}, y^{*}\rangle$ $x_{0}\in C$ 1 . $x0=T_{\mu}x$ .
, $x\in C$ $y\in E^{*}$
$\lim_{\alpha}\langle\frac{1}{t_{n_{\alpha}}}f_{0}^{t_{n_{\alpha}}}T(s)xds, y^{*}\rangle=\langle T_{\mu}x, y^{*}\rangle$
, $\frac{1}{t_{n_{\alpha}}}f_{0}^{t_{n_{\alpha}}}T(s)xds$ $T_{\mu}x1^{}.\ovalbox{\tt\small REJECT}\backslash \Xi$ $C$ $\text{ }\vdash$
, $\frac{1}{t_{n_{\alpha}}}\int_{0}^{t_{n_{\alpha}}}T(s)xds$ $T_{\mu}x$ { $\text{ }$ . $T_{\mu}$ nonexpansive













Theorem 1 , $z \in\bigcap_{t\geq 0}F(T(t))$ .
Theorem 2 DeMarr[l] [5] Theorem 2
, $F(T_{\mu})= \bigcap_{t\geq 0}F(T(t))$ . Theorems 1
Theorems 2 , Mann .
3. $C$ $E$ , $\{T(t):t\geq \mathit{0}\}$
$\{k(t) : t\geq 0\}$ $C$ one-parameter asymptotically nonexpansive
semigroup . $x_{1}\in C$ , $\{x_{n}\}$ :
$x_{n+1}= \frac{\alpha_{n}}{t_{n}}\oint_{0}^{t_{n}}T(s)x_{n}ds+(1-\alpha_{n})x_{n},$ $n\in \mathrm{N}$ .
, $\{\alpha_{n}\}\subset[0,1]$ $\{t_{n}\}\subset(0, \infty)$ $0< \lim\inf_{narrow\infty}\alpha_{n}\leq\lim\sup_{narrow\infty}\alpha_{n}<1$ ,
\sim im $t_{n}=\infty$ , $\lim_{narrow\infty}\frac{t_{n}}{t_{n-+1}}=1$ .
$L_{n}= \frac{1}{t_{n}}\int_{0}^{t_{n}}k(s)ds-1$ , $\sum_{n=1}^{\infty}\alpha_{n}L_{n}<\infty$ , $\{x_{n}\}$ $\{T(t) : t\geq 0\}$
$z_{0}$ .









$\sum_{\mathrm{i}=1}^{\infty}\alpha_{i}L_{i}<\infty$ , $\lim_{narrow\infty}\prod_{i=n}^{\infty}(\alpha_{i}L_{i}+1)=1$ .
Jim $\sup||x_{n}-w||\leq\lim_{narrow}\inf_{\infty}||x_{n}-w||$ .
$karrow\infty$
lim $\infty$ $||x_{n}-w||$ . $\epsilon>0$ . $\lim\sup_{tarrow\infty}k(t)=1$ $t_{n}arrow$
$\infty$ , $n_{0}\in \mathrm{N}$ , $n\geq n_{0}$ $(1/t_{n}) \int_{0}^{t_{?1}}k(s)ds\leq$
$1+\epsilon$ . $D= \sup_{z\in C}||z||$ . $n\geq n_{0}$
$||M(t_{n}, x_{n})-M(t_{n+k}, x_{n+k})||-||x_{n}-x_{n+k}||$
$\leq||M(t_{n}, x_{n})-M(t_{n}, x_{n+k})||+||M(t_{n}, x_{n+k})-M(t_{n+k}, x_{n+k})$ l\vdash llx $x_{n+k}||$






$k\in \mathrm{N}$ . $\lim$ sup $(||M(t_{n}, x_{n})-M$ ( $t_{n+k}$ , xn k) $ll$ $-||x_{n}-x_{n+k}||)$
$\leq 2\epsilon D$ . $\epsilon>0$
$\lim_{narrow}\sim\sup_{\infty}(||M(t_{n}, x_{n})-M(t_{n+k}, x_{n+k})||-||x_{n}-x_{n+k}||)\leq 0,$
$\forall k\in \mathrm{N}$
. Lemma 1 , Jim $\inf_{narrow\infty}||M(t_{n}, x_{n})-x_{n}||=0$ . $C$ S
, , $\{x_{n_{k}}\}$ $\lim_{karrow\infty}||M(t_{n_{\mathrm{k}}}, x_{n_{k}})-$
$x_{n_{k}}||=\mathit{0}$ , $C$ z . $n_{k}\geq n_{0}$
$||M(t_{n_{k}}, z_{0})-z_{0}||$
$\leq||M(t_{n_{k}}, z\mathrm{o})-M(t_{n_{k}}, x_{n_{k}})||+||M(t_{n_{k}}., x_{n_{k}})-x_{n_{k}}||+||x_{n_{k}}-z_{0}||$
$\leq(1+\epsilon)||x_{n_{k}}-z_{0}||+||M(t_{n_{k}}, x_{n_{k}})-x_{n_{k}}||+||x_{n_{k}}-z_{0}||$ .
$\lim\sup||M(t_{n_{k}}, z_{0})-z_{0}||\leq 0$ .
$karrow\infty$
$\lim_{tarrow}\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{f}\mathrm{f}$ $||M(t, z_{0})-z0||= \lim_{kkarrow\infty}||M(t_{n_{\mathrm{k}}}, z_{0})-z0||=0$ .
e2
Theorem 1 , $z_{0} \in\bigcap_{t\geq 0}F(T(t))$ . $\{||x_{n}-z_{0}||\}$
$\lim_{narrow\infty}||x_{n}-z_{0}||=\lim_{karrow\infty}||x_{n_{k}}-z_{0}||=0$
, .





, $\{t_{n}\}$ $\{k(s) : s\geq 0\}$ Theorem 3
.
[1] E. DeMarr, Common fixed points for commuting contraction mappings, Pacific.
J. Math., 13 (1963), 1139-1141.
[2] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc., 4(1953),
506-510.
[3] T. Suzuki, Strong convergence theorem to common fixed points of two nonexpan-
sive mappings in general Banach spaces, J. Nonlinear Convex Anal., 3 (2002),
381-391.
[4] T. Suzuki and W. Takahashi , Strong convergence of Mann’s type sequences for
one-parameter nonexpansive semigroups in general Banach spaces, J. Nonlinear
Convex Anal., 5 (2004), 209-216.
[5] W. Takahashi, Fixed point theorem for arnenable sernigroup of nonecpcvnsive
mappings, K\={o}dai Math. Semi. Rep., 21 (1969), 383-386.
[6] W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, $\mathrm{Y}\mathrm{o}\mathrm{k}\mathrm{o}arrow$
hama, 2000.
